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Abstract 

Q_i' We give explicit expressions of a deformation quantization with separation of 

variables for CP N and CH N . This quantization method is one of the ways to 
perform a deformation quantization of Kahler manifolds, which is introduced by 
Karabegov. Star products are obtained as explicit formulae in all order in the 
noncommutative parameter. We also give the Fock representations of the noncom- 
mutative CP N and CH N . 

^> 

cn 1 Introduction 



o 



o 



Deformation quantizations were introduced by Bayen, Flato, Fronsdal, Lichnerow- 
icz and Sternheimer [1] as a method to quantize spaces. After [I], several ways of 
£N) ■ deformation quantization were proposed [2j[3jlll[5]- In particular, deformation quan- 

tizations of Kahler manifolds were provided in [61 9J3- In this article, we con- 
sider the deformation quantization with separation of variables that are one of the 
ways to construct the noncommutative Kahler manifolds introduced by Karabegov 

[JIlElirj]. 

In many cases, deformation quantization of a manifold is given by a star product 
which is defined in a form of a formal power series of deformation parameter h. The 
power series is obtained as solutions of an infinite system of differential equations, 
and it is proved that there exists a unique deformation quantization as the solution 
of the system. The existence of the solution is proved for a wide class of manifolds, 
however explicit expressions of deformation quantizations are constructed only for 
few kinds of manifolds. For example, Euclidean spaces are deformed by using the 
Moyal product, and on manifolds with spherically symmetric metrics explicit star 
products are given in the context of the Fedosov's deformation quantization [3J. 



1 For a recent review, see [TO] . 
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The aim of this article is to give explicit expressions of deformation quantizations 
with separation of variables for CP N and CfT^H To construct star products, we 
have to solve the infinite system of differential equations. In these cases, as will be 
shown, differential equation systems are solvable, and expressions of star products 
are explicitly given in all order of H. A noncommutative deformation of CP N was 
investigated by performing the phase space reduction in [Tj5]. We will comment on 
the connection between their star product and our result. 

We also give the Fock representations of noncommutative CP N and CH N . The 
Fock representations of star products are also used in investigations of field theo- 
ries on noncommutative spaces. In particular, the Fock representations give useful 
methods of constructing solitons and instantons in noncommutative field theories. 
Further, matrix models corresponding to noncommutative field theories can be ob- 
tained from the Fock representations, and quantum analyses of the models are 
actively pursued. 

The organization of this article is as follows. In Section [21 we review the deforma- 
tion quantization with separation of variables proposed by Karabegov. In Section 
O a star product for CP N is given explicitly by using the deformation quantization 
with separation of variables. In Section 01 we give the Fock representation of the 
star product obtained in Section El In Section 02 a star product for CH is con- 
structed explicitly by the similar way to the one in CP N . Finally, we summarize 
our results and discuss their several perspectives in Section El 

2 Review of the deformation quantization with 
separation of variables 

In this section, we review the deformation quantization with separation of variables 
to construct noncommutative Kahler manifolds. 

An TV-dimensional complex Kahler manifolds is defined by using a Kahler po- 
tential. Let $ be a Kahler potential and w be a Kahler 2-form: 

u) := ig k fdz k Adz 1 , 

9kI := 5iW (2 - 1} 

In this paper, we use the Einstein summation convention over repeated indices. The 
g kl is the inverse of the metric g k p 

g u gm = km- (2-2) 

2 Star products on the fuzzy CP N are investigated in [HI [HI [16]. A deformation quantization of the 
hyperbolic plane was provided in |17j . 
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In the following, we denote 



Deformation quantization is defined as follows. 

Definition 1 (Deformation quantization (weak sense)). Deformation quantization 
is denned as follows. J- is defined as a set of formal power series: 

F:=\f f = ^2fkh k , / fc eC°°l. (2.4) 



A- 



A star product is denned as 



f*g = 2^c k (f, g )h k (2.5) 

k 

such that the product satisfies the following conditions. 

1. * is associative product. 

2. Cfc is a bidifferential operator. 

3. Co and C\ are defined as 

C (f,g) = fg, (2.6) 
Ci(f,g)-C 1 (g,f) = i{f,g}, (2.7) 

where {/, 5} is the Poisson bracket. 

4. /*l = l*/ = /. 

Note that this definition of the deformation quantization is weaker than the usual 
definition of deformation quantization. The difference between them is in (|2.7p . In 
the strong sense of deformation quantization the condition Ci (/,<?) = §{/)<?} is 
required. For example, the Moyal product satisfies this condition. But deformation 
quantizations with the separation of variables do not satisfy this condition. In the 
following, "deformation quantization" is used in this weak sense. 

Definition 2 (A star product with separation of variables). * is called a star product 
with separation of variables when 

a*f = af (2.8) 

for a holomorphic function a and 

f*b = fb (2.9) 
for an anti-holomorphic function b. 
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We use 



and 



D T =g Ik d k =i{z 1 ,-} 
S:= [A\A = ^a a D a , a a GC°°}, 



where a is a multi-index a = (cci, 0:2, ._. . , a n ). 

There are some useful formulae. D l satisfies the following equations. 

[D\ D™] = , V/,m (2.10) 

[D\d^]=5 T rn (2.11) 

d k = g kI D ! . (2.12) 

Using them, one can construct a star product as differential operator Af such 
that f*g = A f g. 

Theorem 2.1. For arbitrary u, there exist a star product with separation of vari- 
ables * and it is constructed as follows. Let f be an element of T and A n G S be a 
differential operator whose coefficients depend on f i.e. 



A n = a n , a (f)D a , D a = H(DY\ (D i ) = g' l d h 
where a is an multi-index a = (qi, Q2, . . . , ct n ). Then, 

oo 



(2.13) 



(2.14) 



n=0 



is uniquely determined such that it satisfies the following conditions. 



1. When R dT <s> = dj$ + hdj, 



. 



(2.15) 



A f l = f*l = f, 
A f g := f*g, 
A h (A g f) = h*(g*f) = (h*g)*f = A Ahg f. 



(2.16) 
(2.17) 
(2.18) 
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Recall that each two of D % commute each other, so if multi index a is fixed 
then the A n is uniquely determined. These conditions (|2.16|) - (|2.18j) teach us that 
Afg = f * g is deformation quantization. 

The following proposition is used in Section 3 and Section 5. 

Proposition 2.2. We denote a left operation for a generic function f as Lf := Af 
i.e. Lfg = f * g. The right operation for f is defined similarly by Rfg := g * f. 
Lf (Rf) is obtained by using L 2 i (R z i ) where L 2 i (R z i ) is defined by L 2 ig = z l * g 
(R z ig = g*z l ): 

^ = £^(1)"/^-^, (2.19) 

3 Star product with separation of variables on 
CP N 

In the inhomogeneous coordinates z % [i = 1, 2, • • • , N), the Kahler potential of CP^ 
is given by 

$ = ln(l+ \z\ 2 ) , (3.1) 
where \z\ 2 = Ylk=i zk z k - The metric (g^) is 

ds 2 = 2g fj dz i dz j , (3.2) 



(l + \z\ 2 )5 ij-z*? 
9fj = di 9 ]® = (i + |^2 ' ( 3 - 3 ) 



and the inverse of the metric (g 13 ) is 

$ = (l+\z\ 2 )(S ij +z>z i ). (3.4) 
We here summarize useful relations in the following calculations; 

$A • • ■ d- in $ = {-l) n -\n - 1)! d- h $d- i2 <f>--- ch in $, (3.5) 

ft, D^] = d&LP + SijdfSD*, (3.6) 



cr- -■ -■ D n D n ■ ■ ■ D Jn 



« JlJ2"'Jn JX' jn *> 



+ nc 1]l ... ]n _ 1 d- k $D k DK ■ ■ ■ + n(n - l )r„ l)> ■ ■ ■ D^~\ 

(3.7) 
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where the coefficients Cfj 2 ...^ n are totally symmetric under the permutations of the 
indices. 

We construct the operator L 2 i , which is corresponding to the left star product 
by z l . L 2 i is defined as a power series of h, 



L- zl =z l + hD J +^K n A n , 



(3.8) 



n=2 



where A n (n > 2) is a formal series of the differential operators D k . We assume 
that A n has the following form, 



(3.9) 



m=2 



where the coefficients a™' do not depend on z l and z % . 

From the requirement of [L 2 i,di& + Hd%] = 0, the operators A n are recursively 
determined by the equations 



[A n ,d i $} = [d l ,A n „ 1 ], (n>2) 



(3.10) 



where A\ = D l . A2 = dj^D^ D l is easily obtained from the above equation. Using 
the expression (|3.9p . the left hand side of the recursion relation (|3.10p becomes 



[An, = £ ■ ■ ■ d] m -i® [ Dh ■ ■ ■ d3 ™ dI > ^ 

m=2 
n-l 

E fii { m9 ji® ' ' ' 9 jm-i^ 9 i^ Djl ■ ■ ■ d'^- 1 D 1 + Sudj^ ■ ■ ■ d- jm <f>D jl ■ ■ ■ D~ jm \ 



m=2 



(3.11) 



On the other hand, the right hand side of (|3.10p is calculated as 



n-l 



m=2 
n-l 



m=2 



E Mr 1 ' + 



ma 



(n-l) 
m+1 



x wife $•••<% , <5>ch<5>D n ■ ■ ■ D^-'D 1 + Suds, $ • • • ch <f>D n ■ ■ ■ D 1 



, {n-l) 



31 Jra-l « 

I 



n 



(3.12) 
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Equating ([37l~TJ) with ([37121) . we find 

a^ = at 1] = ---=a? = l, (3.13) 
and the following recursion relation 

at ] = atz\ ] + (m - l)at~ l) ■ (3.14) 
To solve this equation, we introduce a generating function 



oo 



(t)= e^ ( 3 - is ) 



for m > 2. Then the relation ()3.14j) is written as 

a m {t) = t [a m -i(t) + (m- l)a m (t)\ . (3.16) 

This is solved as 

a m (t) = - — -a m -i(i) 

1 — [m — l)t 

m—l 



tm ~ 2 U-rht xa2(t) - (3 - 17) 



n=2 



Since ct2{t) is easily calculated from f)3. 13|) as 

oo oo 



n=2 n=2 

a m (t) is determined as 

m—l -. V(l 4- ^ ) 

^) = fm IIl^= r(~i + i) ' (m " 2) - (3 ' 19) 

The function a m (£) actually coincides with the generating function for the Stirling 
numbers of the second kind S(n, k), and is related to S(n, k) as 

flW=S(n-l,m-l). (3.20) 

Summarizing the above calculations, L s i becomes 

oo n 

L- zl = z l + hD ! +^2 h n E a - } % $ • • • ^-i^^ 1 • • • D jm ~'D l 



n=2 m=2 
oo / oo 



1 + nDl + E E ^ • • • s^-!*^ 1 • ■ ■ 

ro=2 \n=m / 

oo 

z l + E «m(%^' • • % m _ x • • • ^ m - 1 ^ / ". (3.21) 

m=l 
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Here we defined a\(t) = t. Similarly, it can be shown that the right star product 
by z l , R z i f = f * z l is expressed as 

oo n 

R z i = z l + HD 1 + Y. hn Yl a ™ d h® ' ' ' d jm-i$D jl ■ ■ ■ D j ^D l 

n=2 m=2 

oo 

J + Yl °<m(fidh*- ■ ■ fljm-i&D* • • • D jm -*D l , (3.22) 



z 

m=l 



where D l = g^dj. 



From the theorem l2.ll proposition ^. 21 (|3.2ip and (|3.22[) . we obtain the following 
theorem. 

Theorem 3.1. A star product with separation of variables for <CP N with the Kahler 
potential <1? = In (l + |z| 2 ) is given by 

f*g = L f g = R g f. (3.23) 

Here differential operators Lf and R g are determined by the differential operators 
Lz and R z whose expressions are given in h3.21\) and \3. 22\) through the relation 
\2.19\) and i2.2U\) . respectively. 



We can now calculate the star products among z 1 and z l , 



z l 


* Z J 


= z l zi 


z i 


* z? 


= z*z j 


z* 


* z? 


= z i z j 


z 4 


* z° 


= zV 



(3.24) 
(3.25) 
(3.26) 



+ foS y (l + \z\ 2 ) 2 F x (1, 1; 1 - 1/h; -\z\ 2 ) 



+ y^h^ 2 ^ 1 + \ z \ 2 )^ M 2 - V^; -M 2 ) , ( 3 - 27 ) 

where 2-P1 is the Gauss hyper geometric function. Here we used the following equa- 
tion 



D n ■■■ D 3m z l = (m - 1)1(1 + \z\ 2 ) 



2\m 



^ S ijk z jl ■ ■ ■ z jk ■ ■ ■ z jm + mz % z h ■ ■ ■ z jr ' 



k=l 



(3.28) 



where the hat over a term means that it is to be omitted from the product. 

There are several ways of having deformation quantization by a reduction from 
higher dimensional manifolds. Within the framework of Karabegov's method for 
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Kahler manifolds, a general reduction procedure of deformation quantizations with 
separation of variables was considered in [18] . When the standard star product with 
separation of variables corresponding to a Kahler potential p = ip(z, z)uu, where z 
and u are holomorphic coordinates, is given, the reduction procedure eliminates the 
variables u, u and produces the standard star product with separation of variables 
corresponding to the Kahler potential In \ip\. This reduction procedure can be ap- 
plied to the case of the reduction from C Ar+1 \{0} to CP N and gives the same star 
product as the one used in this article. On the other hand, in [TS], a star product 
on <CP N was constructed by performing the phase space reduction from C Ar+1 \{0}. 
The expression of their star product, denoted as *_b, for functions / and g on CP N 
is given 

f *B 9 

-19+ Z^/ 1 2^ Z, s! ( s _£)!(&_!)! Q^A, . . .^A s dC A, . . . ^) 



m=l 



where C ,C are the homogeneous coordinates. This is also the star product 
with separation of variables, and thus (|3.24p - (|3.26p hold trivially under *b product. 
z % *b z J is calculated as 

t * B z j =tz j + hSij(l + |z| 2 )Fi(-|zj 2 ) + /LzV(l + \z\ 2 )F 2 {-\z\ 2 ), (3.30) 

where z i = C/(°, z 1 = C/C°, and 

°° tn 8+1 j- m n m / i \m+l — k 

^-i-i^EEE ^_.) ! " t| "' 1 ' <3 - 31) 

m=0 s=0 k=l y ' V ' 



x rn s+i j-mf . -\\\t,rn( i \m+l-fc 



m=0 s=0 k=l v / \ / 

We can show that 1^| 2 ) satisfies the hypergeometric equation and the boundary 
conditions for 2 -£i(l, 1; -^| 2 ), and thus Fi(-|zj 2 ) = 2 -Fi(l, 1; 1-1/ft; -| z | 2 )- 

Similarly, i^2(— |-z| 2 ) = 2-^1 (1> 2; 2 — 1/h;— |z| 2 )/(l — h) can be also shown. Therefore 
it turns out z l * z 3 = z l *b z 3 . These facts lead to f * g = f *b 9- Namely, 
this calculation shows that the star product constructed by Karabegov's method 
coincides with the star product *b in [19]. As far as we know, the origin of this 
coincidence of the star products obtained by these different methods is not apparent 
at this time. 
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4 Fock representation 



The left star product by di<& and the right star product by are respectively 
written as 

Lfli* = m + = he~' s ' /h d l e^ /h , (4.1) 

i?^ = hdi + = /Mr*/*^*/*. (4.2) 

From the definition of the star product given in the previous section, we easily find 

* z j - z j * di$ = HSij, z l * z j - z j * z l = 0, di$ * <9,$ - 6^$ * ^<i> = 0, 

(4.3) 

z^d-^-d-^*^ = Mij, z l * z> - z j * z l = o, * - * = o. 

(4.4) 

Hence, {z 1 ,^^ | z,j = 1,2, ••• ,iV} and {z\d~^ \ i,j = 1,2, ••• ,N} constitute 
2N sets of the creation-annihilation operators under the star product. But, it is 
noted that operators in {z l ,dj&} does not commute with ones in {z l ,dj&}, e.g., 
z % * z? — zi * z % / 0. 

Here, we would like to construct the Fock representation of the star product. 
First we show that e - *^ = (1 + \z\ 2 )~ l l h is the vacuum projection. e~^l h is 
annihilated by the left star product of <9j<!> and z l , 

* e ~*/ fi = L d ^l h = he-^/ h die^/ h e-^/ h = 0, (4.5) 
= I j + jr a m {h)d- n <S> ■ ■ ■ d ]m _^D^ ■ ■ ■ j e~^ h 

V m=l J 

= 0. (4.6) 
Here the following equation is used 

. . . D~ jm e~* /h = D* 1 ■ ■ ■ D jm (l + \z\ 2 y l / h 



/ r(l + l/n) h j m _ 1( -, I |2\m-l/fi, 

L > T{\-m + l/H) Z Z + ^ } 



(4.7) 



Similarly, it is shown that e ®l h is annihilated by the right star product of the 
and z l , 

e -*/« * = e"*/ ri * = 0. (4.8) 
Next, we show that e~®l h satisfies the relation 

e~*/ R * f(z, z) = e"* /s /(0, z) (4.9) 



10 



for a function f(z,z) such that f(z,w) can be expanded as Taylor series with re- 
spect to z % and w 3 , respectively. To show the relation, we note that the differ- 
ential operator R z i corresponding to the right product of z l contains only partial 
derivatives by P , and thus commutes with z k . Moreover, R z i annihilates e - */' 
R z ie~®/ h = e~^l fl * z % = as mentioned above. From these, the relation (|4.9p is 
shown as 

e-*' h * f{z,z) = R f e-*l h 

oo N 

= e k 1 \...k N i a ^"' a ^ ,{zt2) n - o*" 

fci,...,fejv=0 ' ' ' m=l 
co N 

= E fc i. . k ^ -afrf(z,z) J] (-z m ) fc -e-^ 

fcl,...,fcjv=0 1- JV ' m=l 

= e-*/ s /(0,^). (4.10) 
Similarly, the following equation holds 

f(z,z)*e-' s '/ h = f(z,0)e^ h . (4.11) 

As a specific case of the equation (|4.9p . the idempotency of e~*/ s is obtained, 

e -*(*,«)/» ^ e -*(*,«)/ft = e -#(*,s)//S e -*(o,«)/R = e -*(*,^/R ^ 4 _ 12 ) 

where $(0,z) = is used. 

By using the relations (j4.9j) and (14. lip , it is possible to calculate explicitly star 
products containing eT^l h as follows, 

e-*' h * (d k $(z, z) ■ ■ ■ d ln $(z, z)) = e-*/ ri (^$(0, z) ■ ■ ■ d in $(0, z)) 

(4.13) 
(4.14) 

We then consider a class of functions 

M h ... im . n ... jn = — r-*l h (4.15) 

a/ m\n\a m {h)a n {h) 







= z h --- 








= e~^ h 


* z n * • • • * z tn 






) * e -*/ s = z « . . . 


z in e^ /h 






= z *i * ■ 


■■*z in * e'^ h 
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where a n (K) is defined in f|3. 19|) . Mh—tmm—jn 1S totally symmetric under permuta- 
tions of i's and fs, respectively. It is also useful to represent this function as 

M n ... lmm ... Jn = 1 =z* *••-*>* e~*/ h * (d h * ■ ■ ■ d jn <t>) 

^m\n\a m {h)a n {h) 

= 1 / Q=n(^) n *...^ z im^ -*/» „ « . $ 

H n \l m\n\a m (H) n 3n 

, == (fl^S • • - S^*) * e 

yWn!a m (ft)a n (fr) 

• • • * $ $ * e ~* /ri * ^ * • • • * ( 4 - 16 ) 



' ' ' ■ 1 ''• ; ' * z jl * ■ ■ ■ * z jr ' 



In the second equality, we used the following relation, 

= L djl $ • • • Lq^I 

= (he-*' h d h e*l h ) ■ ■ ■ (he-*/% n e*/ h ) 1 

= W^TW) Z z (1 + N ) 
= ^r(i + i/ft) 
r(i-n + i/n) Jl Jn 1 J 

By using the commutation relations (|4,3|) and the fact that e~^l h is the vacuum 
projection, it can be shown that these functions form a closed algebra: 



M il ... im ;n-j n * M kv .. kr , h ... la = 6 nr 8f^M iv .. irn , h ... ls , (4.18) 



^1 ' "kn 

JU !i-» m ;ji-Jn * lrJ -ki— forth— Is ~ u nr<J 

ID U.C1111CU 

l r 



where 5- 1 '"-" is defined as 

jVjn 



5[ 



IV. 



5*1 + permutations of (ji , • • • , j„) . (4.19) 



At last, the following theorem is obtained. 



Theorem 4.1. Let A4 = < 1, g^Mj-j > be a set of linear combinations of 



i-j 



Mi 1 ...i m -j 1 ...j n defined by 15\ ) in CP N , where i,j are multi-index ofi = (ii, • ■ ■ , i m ) 
and j = (jx, ■ ■ ■ ,j n ) and aij 6 C. Then Ai is a ring whose multiplication is defined 
by the star product in Theorem \3. 11 and its algebra is given by fl^. 18\ ). 
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Further, the star products between Mi 1 ...i m -j 1 ...j n and one of z k , dk&, z k and 
are calculated as follows, 



z k * H,. ..;,„;;,...;„ = y ' ,' /; .H,,,..;„. :) ,., ; ,.. (4.20) 
* = ^\/ " m+ r l +1/n E^ M H...f ; -w 1 - J V ( 4 - 21 ) 



=1 

TO 



1 Wl ^(-m + l + l/fi) ^ ^ ' 

* M il ... im ; jl - jn = hy/(m + l)(-m + T/KjMki,..^...^, (4.23) 

1 ™ 

Mi,...; * ^ fc = — - N Ski, M. ■ ■ - ■ , (4.24) 

W1 ^(-n + i + i/fc) ^ fcji *i-wi-*-*.' 1 ' 

Mi l ...i m ; h -j n * = hyj[n + l)(-n + lA)M n ... im;J1 ... Jnfe , (4.25) 

^.-^i.-i,. * ** = J " .' ' ;, ..,„ /,• (4.26) 



A/,,..,,,,,-,,,*^ = V "' 1 ' ' ">:^ U ;,..,..: f , (4-27) 

5 The case of CH N 

The Kahler potential of CH N is given by 

$ = -ln(l - \z\ 2 ) . (5.1) 
The metric gq and the inverse metric g % i are defined by 

Cl _ \z\ 2 )5- ■ + z l zi 

m = = (1 _ 1^2)2 — > ( 5 - 2 ) 

^ = (1 - \z\ 2 ) (Sij - zV) . (5.3) 
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Then we find the following relations similar to (|3.5|) - (|3.7p ; 

d fl d f2 ...ch in $=(n- 1)! d-^di^ ■ ■ ■ d- in $, 



ch,D^> 



ch c- -■ -■ D n D n ■ ■ ■ D 3n 



(5.4) 
(5.5) 



D n D j2 ■ ■ ■ D 3n — nci ...i d~^D J1 ■ ■ ■ D Jn 

^ J\j2 Jn Jl Jn I 



~ nc i]l ... ]n _ 1 d- k ^D k D^ ■ ■ ■ - n(n - l;r, .1)' ■ ■ ■ D^~K 

(5.6) 

The operator L s i is expanded as a power series of the noncommutative parameter 



n, 



L- Z i =z l + hD l + ^h n B n . (5.7) 

n=2 

We assume that B n has the following form, 

n 



(5.8) 



m=2 



The factor (— l) n 1 in the front of the coefficient bm is introduced for convenience. 

Requiring [L g ; , + hd^} = 0, it is found that bin should satisfy similar relations 
to (f3TT3D and (ITlH . 



4") = b { ?- l) 



-,(2) 



(5.9) 



Hence bm coincides with of, and we obtain the explicit representation of the star 
product with separation of variables on CH 



N 



oo n 



~l = Z 



n=2 m=2 

OO 

+ E (-l) m_1 AT» ■ • • d- jm _^ ■ ■ ■ D^D T , (5.10) 



m=l 



oo n 



R,i = z' 



+ hD l + Y, hn Yl (- 1 ) n " l6 ™ )fil ii $ • • • d Jm-i^D jl ■ ■ ■ D^-'D 1 



n=2 m=2 



+ E (-l) m "Vm(^)^* • • • d jm _^D^ ■ ■ ■ D^D 1 , (5.11) 



m=l 
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with 



p n (t) = (-l) n a n (-t) 



r(i/t) 



r(n + l/i) 

From the theorem 12.11 and proposition 12.21 we obtain the following theorem 



(5.12) 



Theorem 5.1. A star product with separation of variables for CH with the Kahler 
potential $ = — In (l — |z| 2 ) is given by 



f*9 = L f g = R g f. 



(5.13) 



Here differential operators Lf and R g are determined through the relation \2.19\) 
and \2. 20\) , respectively, by the differential operators Lg and R z whose expressions 
are given in i5.10\) and i5.ll]) . 

Using the representations of the star product, we can calculate the star products 
among z % and z" 1 , 

(5.14) 
(5.15) 
(5.16) 

(5.17) 



z l 


* z 3 


=z l z 3 




z i 


* z 3 


=z i z 3 




z 4 


* z 3 


=z l z 3 




t 


* z 3 


=z l z 3 


+ fc<%(l 



h 



: zV(l 



i + h 

Here the following equation similar to (I3.28P is used, 
D h . . . D 3m z i = (-) m_1 (m - 1)!(1 - \z\ 2 ) m 



Fi (l,2;2 + l/h;\z\ 



k=l 



Ufe' 



y n . . . Zik . . . =jn 



mz z 



*~J1 . . . yjr, 



(5.18) 



As in the case of CP , {z l ,dj&} and {z l ,dj&} satisfy the commutation rela- 
tions for the creation-annihilation operators. Also e~*/ s is the vacuum projection 
operator, 



* e~*/ s = 
t * e~^ h = 
e"* /s * c\<S> = 
e~*A * z i = 



(5.19) 
(5.20) 
(5.21) 
(5.22) 
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and 

e -*/» * e -*A = e -*/R (5.23) 
Here we used the following relation which is corresponding to (|4,7|) in the case of 



i>w . . . D~ jm e~* /h = D h ■ ■ ■ D~ jm (l 



z 



2\l/H 



_ | z | 2 ) 1/?l+m (5 . 24) 



As in the case of CP , we consider a class of functions 



r 2 l . . . r Xm r-? 1 • • • y^ n 
AT. ... = p~^l h 



^m\n\(3 m (h)(3 n (h) 



/i™ V m\n\j3 m (K) 
1 



Jl Jn 



* • • • * z J 



= T~\ fr^ ^i **•••* ft * * e"*/' 1 * z J1 * ■ ■ ■ * (5.25) 
/i m V m\n\/3 n (h) 1 m 

Ni 1 ...i m] j 1 ...j n is totally symmetric under permutations of i's and j's, respectively. 
Then we can show that these functions form a closed algebra 

N h-i m ;jl-jn * Nkvkr;h~l. = 6 nr^i:::^N h ... im]h ...l s . (5.26) 

Moreover, the star products between Ni 1 ..*i m .j 1 ...j n and one of z k ,dk&,z k and d^Q 
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are calculated as follows, 



Z k * Nh-imrfi-jn — J — — YJ^Nkii-i m ;ji-j„j (5.27) 



d k <Z>*N h .,.i =h\ — — 1 + 1 / h S^5 ki N. !-.... (5.28) 

i=l 

j m 

* ^...^...^ = ftyV + l)(m + V^n-wV-in, ( 5 - 30 ) 

1 n 

AT, ... .,.„, * = — — >8iti,N. . . * .. (5.31) 

^i-i m m-i n * = ^V(n + l)(n + l/^)iV il ... imy - 1 ..._,- nJfc) (5.32) 

N h-im;jl-j n * z = W - — ^^ N h-im;jl-j n k: (5.33) 



^ , , *du<f> = h\- 1 + 1 ^ y^4,,i\T. ..... (5.34) 

6 Summary and discussion 

In this paper, we obtained explicit expressions of star products in CP N and CH N 
by using the deformation quantization with separation of variables proposed by 
Karabegov. In this quantization method, a star product by a function is represented 
by a formal series of differential operators, which is obtained as the solution of 
an infinite system of differential equations. We gave the explicit solutions of the 
equations in the case of CP N and CH . The operators corresponding to the left 
(right) star multiplications of functions are determined as the power series of h 
in which each term contains the Stirling numbers of the second kind, the Kahler 
potentials of the manifolds, and the differential operators. 

We also constructed the Fock representations of the star products by using the 
fact that {z l , dj&} and {z l , dj&} constitute 2N sets of the creation-annihilation op- 
erators under the star product. We first identified the function e~®l h corresponding 
to the vacuum projection. Then we considered the functions which are derived by 
multiplying polynomials of z % and z % on e~*' ft , and showed that these functions 
form the closed algebra under the star product. 

Now, we have three comments. Firstly, the operator Lf of the left star multi- 
plication by a function / which is given in Section [3] for CP^ and in Section [5] for 
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CH N , respectively, can be represented by using the covariant derivatives. To this 
end, we show that Lf on these manifolds has the following form, 

oo 

L f = J2 CnWg jlh ■ ■ ■ g Jn - kn (D* • • • D^f) D^ 1 D^. (6.1) 

n=0 

The coefficient c n (h) is determined by the condition [Lf,hdi + dj&] = 0. For the 
case of CP N , this condition becomes 

oo 

[L f , hdi + a&] = ^ [n(l - h(n - l))c n (h) - hcn.^h)} 

n=l 

(6.2) 

By solving the recursion relation, n(l — K(n — l))c n (h) — hc n -\{h) = 0, under the 
initial condition cq = 1, c n (h) is obtained as 

r(l-ra + l/fi) a n (/t) 
rail (1 + 1/n) n! 

where a n (ft) hi given in (|3.19p . The first two terms in the power series of h of Lf 
are calculated, 

L f = f + hg fk (Dif)D k (mod ft 2 ). (6.4) 

Similarly, the operator Lf on CH N can be represented in the form of (|6.ip with 
Cn(ft) = Pn{K)/n\ where /3 n (ft) is defined in (15. 12ft . 

The expression of L f (|6.1|) can be rewritten by the use of the covariant derivatives 
on the manifolds. Non- vanishing components of the Christoffel symbols on a Kahler 
manifolds are only T % - k and T^. Hence, for scalars / and g 

g hh . . . g jnk nVh . . . v _j = g nh Vh (gfrh . . . ^ Vfe . . . v _ j 

= 9 nh d h (g hh ---g^V k2 ---V- k J 
= D n |>fe...^ v v f 



k 2 

= D jl ---D^f, (6.5) 

gllkl . . . g3nk nVki . . . y^g = D h . . . D 3n g (g g) 

Using these relations. Lfg becomes 

oo 

L f g = f*g = J2 cn(h)g ]lkl ■ ■ ■ g ]nkn (V 3l ■ ■ ■ V- jn f) ( V fcl • • • V kn g) . (6.7) 

n=0 
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In this article, we treat h as a formal parameter. Now we consider the specific 
case of h = 1/L (L G N) and the star product in a function space Ml spanned by 



^i . . . ' • • • 



(m, n < L). 



(l + \z\ 2 ) L 

In this case, the series in (|6.ip terminates at n = L, because 

£>ii . . . jjit+i f = o, d £ i . . . 5 = 0, 

where f,g G A4i. Then, the expression of the star product coincides with the one 



m 

Secondly, let us try to extend the covariant expression of Lf (16. to locally 
symmetric Kahler manifolds, V uRupa^ = 0. We assume the following form of Lf, 

oo 

L f g = Tt rjnM - K (V* • • • Vjj) (V fcl • • • V kn g) . (6.8) 

n=0 

Here g is a scalar function and T^'"^ n,kv " kn is a covariantly constant tensor, VT n = 
0, and completely symmetric under permutations of j's and fc's, respectively. Re- 
quiring {Lf,di& + h&j\ = 0, recursion relations for r^ 1 "'- Jn ' r " n are derived, 



^ ; ---v,.n (V fel ...V fc „_ l5 ) = 0. 

(6.9) 



Since the recursion relations include only the metric and the Riemann tensor, 
V',! 1 is determined as a function of these quantities and satisfies VT n = 

0. Further, the recursion relations are simplified in the case of CP N . Because 
R-Cjki = ~9ij9kl~ 9u9kj on < CP N with the metric fj3.3j) . it can be shown that Lf has 
the covariant form ([6 



Thirdly, we consider relations between star products on different patches. Let 
|J Ui (Ui = {[C° : C 1 : • • • = C N ](C + 0)}) be an open covering of CP N , where ( k is 
a homogeneous coordinate. We define an inhomogeneous coordinate z = ^7 in Uq 

and w\ = , w k = |r (/c > 2) in U\ . Consider the mapping from Uq to U\. The 
transformation between these inhomogeneous coordinates is given by 

1 k 

w 1 = — , u> fc = ^ (A; > 2). (6.10) 
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Under this transformation, the Kahler potential is changed as 

= ln(l + \z\ 2 ) = ln(l + \w\ 2 ) - Inw 1 - law 1 . (6.11) 

From the lemma 3 in [12], it is found that the star product does not change under the 
transformation. Similarly, the form of the star product is invariant under mappings 
between other patches. 
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Appendix 

Star products on CP 1 have been well studied. In the appendix, we summarize the 
results in the case of CP 1 for convenience. 
In the case of CP 1 , L z and R z are given by 

oo 

L- z = z + <*m(h) (d®)™- 1 D m , (A.12) 

m=l 
oo 

R z = z + a m {h) (d^- 1 D m , (A.13) 

m=l 

where = ln(l + zz) is the Kahler potential of CP 1 , D = g zz d = (1 + zz) 2 d, and 
D = g zz d = (1 + zz) 2 d. a m (h) is defined in (|3.19p . The star products among z and 
z become 

z*z = z 2 , (A.14) 
z*z = \z\ 2 , (A.15) 
z*z = z 2 , (A. 16) 

z*z= \z\ 2 + h(l+ \z\ 2 ) 2 2 Pi(l,2;l - l/h;-\z\ 2 ). (A.17) 

Under the star product, 9$ and z (z and (9<3?) satisfy the commutation relations 
of the creation-annihilation operators, respectively, 

d<S>* z - z*d$ = h, (A. 18) 

z*d<S> -&$>*z = h. (A. 19) 



20 



The function e = (1 + \z\ 2 ) is corresponding to the vacuum projection, 

d$ * e - $ / ri = z * e"*/* = e-*/ fi * <93> = e"*/* * z = 0, (A.20) 
e -*/fi * e -*/» = e -*/ft. ( A .2i) 

The following functions 

M mn = =e -*/ fi (A.22) 

yj m\n\a m {K)a n {h) 

form a closed algebra, 

M mn *M kl = 5 nk M ml . (A.23) 

These formulae coincide with the ones of the fuzzy sphere |20|,I21] when H = 1/L [L G 
N), as mentioned in Section 
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